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ABSTRACT. The current work aims at estimating the stress intensity factor 
deep inside the bulk from elastic strain data measured by synchrotron X-ray 
diffraction. Key features affecting the evaluation of the stress intensity factor 
are the number of terms in the analytical model describing the crack tip field, 
the extension and position of the area of interest of the experimental data, the 
effect of the experimental data collected within the plastic zone and the 
number of elastic strain data points used. Here a parametric study of these 
features is presented in terms of their influence for the stress intensity factor 
determination. It was found that 3 or 4 terms in Williams’ expansion is often 
sufficient; the data should be collected from across the full range of angles 
around the crack tip; and the number of points/number of terms should be 
greater than 40.  
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INTRODUCTION 
 
he experimental characterisation of crack tip fields is normally done using surface techniques such as photo-
elasticity [1], Moiré interferometry [2], thermo-elastic stress analysis [3], electronic speckle pattern interferometry 
[4] or digital image correlation [5,6]. For thin components, the surface behaviour is normally representative of the T 
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complete behaviour [7]. However, for many engineering components, the surface may not be at all representative 
of the majority of the bulk of the material [8,9] and not describe accurately the complete component behaviour 
[10,11]. Intense hard X-ray beams at synchrotron facilities now give us the possibility of probing the bulk of engineering 
materials both in terms of the geometry and in terms of elastic strain. Geometrical features of the crack can be studied 
through synchrotron X-ray micro-tomography [12,13]. Elastic strains can be investigated through synchrotron X-ray 
diffraction [14,15]. Synchrotron X-ray diffraction can also be used to obtain the J-integral [16]. In this work synchrotron 
X-ray diffraction is used to estimate the SIF deep within the bulk of a cracked specimen. The methodology combines a 
mathematical model describing the elastic crack tip field and elastic strain data obtained experimentally by synchrotron X-
ray diffraction. First, the material and specimen employed are described. Then, details about the experimental setup for 
strain measurement are given. This is followed by an explanation of how experimental data and the analytical model are 
combined to extract the SIF. Finally, the influence of key parameters affecting the estimation of the SIF is studied.  
 
 
MATERIALS AND METHODS 
 
he tests were undertaken on a bainitic steel similar to Q1N having the chemical composition shown in Tab. 1. The 
material exhibited a Yield Stress σy=690 MPa, Ultimate Tensile Stress σuts=858 MPa and very fine grain that 
allowed high quality high spatial resolution strain data to be collected [17]. The bainitic steel also has a good 
combination of fatigue resistance and low environmental impact for applications where no energy is consumed during the 
use phase of the component [18]. The fatigue tests were conducted on a Compact Tension (CT) specimen of 60 mm 
width and 3.3 mm thickness (Fig. 1).  
 
Alloy C Si Mn P S Cr Ni Mo Cu 
Q1N 0.16 0.25 0.31 0.010 0.008 1.42 2.71 0.41 0.10 
 
Table 1: Chemical composition in weight % of Q1N steel. The balance is Fe. 
 
3000 cycles were applied in the pre-cracking stage of the experiment at a frequency of 10 Hz. During the pre-cracking 
stage, the stress intensity range, ΔK, was approximately 35 MPa√m and the load ratio, Pmin/Pmax, 0.03. Plane stress 
conditions dominated through the thickness for all loads applied during the experiment, since each XRD measurement 
included information over 1.4 mm through the thickness [19]. The crack length was measured perpendicular to the 
loading direction from the centre of the loading holes [20].   
 
  
Figure 1: Illustration of beam and Compact Tension specimen configuration. 
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MAPPING OF ELASTIC STRAIN 
 
he strain mapping experiments were conducted on beamline ID15A of the European Synchrotron Radiation 
Facility (France). Energy dispersive mode was used, following the configuration previously applied with high 
qauality results [15,21]. Two solid state X-ray detectors were mounted to measure two in-plane directions of strain 
(εxx and εyy). The scattering angle was 2θ = 5º. The elastic strain was evaluated according to Bragg’s law:  
 
  
0
0
hkl hkl
hkl
hkl
d d
d
          (1) 
 
where hkld   is the lattice parameter of crystallographic plane (hkl) measured at a certain load and 
0
hkld  is the strain-free 
lattice parameter of the same crystallographic plane. Here the plane (211) was used. The incident beam slits were opened 
to 60 × 60 µm, giving a lateral resolution (x, y) of 60 µm and a nominal gauge length through-thickness (z) of around 1.4 
mm [17]. The gauge length was diamond shaped and centred on the mid-plane (z=0). Attention was paid to locate the 
origin of coordinates at the crack tip [22]. Fig. 2 shows an elastic strain field in the crack opening direction for a sample 
subjected to 5.3 kN. The two black solid lines in Fig. 2 emanating from the origin of coordinates towards negative 
coordinates in the crack growing direction represent the crack. 
  
Figure 2: The elastic strain field based on the (211) peak local to the crack in the crack opening direction (εyy) for a 13 mm crack length 
subjected to 5.3 kN. The area sampled by each point is 60 x 60 m. The parameters relating to the area of interest are also illustrated: 
inner radius of the data array, Rint, outer radius of the data array, Rout, and angle between the end of the data array and the crack plane, 
α. 
 
 
FITTING THE EXPERIMENTAL TO AN ELASTIC MODEL 
 
he elastic strains were fitted to an analytical model following a multi-point over-deterministic scheme [23]. The 
analytical model was based on Williams’ series development used to describe the elastic behaviour of the region 
surrounding the crack tip [24]. The strains in the crack opening direction can be written as [25]:  
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where E is the Young’s modulus, εyy are the strains in the crack opening (vertical) direction, An and Bm are unknown 
coefficients or number of terms in the series expansion, r and θ are the polar coordinates of the different points around 
the crack tip and υ is the Poisson’s ratio. The singular term, A0 can be related to the SIF as:  
 
 0 2
IKA            (3) 
 
Substitution of all experimental data points in Eq. (2) yields an over-deterministic system of equations that can be solved 
for the unknown coefficients and thereby computing the SIF (Kexp).  
 
 
PARAMETRIC STUDY 
 
he evaluation of the key parameters involved in the estimation of the SIF, Kexp, is done through comparison with 
the theoretical SIF, Ktheo [20]. To this end, the error between both values can be determined as:  
 
     % 100exp theo
theo
K K
error
K
         (4) 
 
Key parameters influencing the K estimation with the current scheme were identified previously [26,27]. These include the 
number of terms used in Williams’ expansion, the size and shape of the area of interest (AOI) used for the fitting, the 
influence of the plastic zone and the number of experimental data points considered.  
 
Number of terms, size and shape of the area of interest 
The size of the AOI is studied through the outer radius of the AOI, Rout, defined in Fig. 2. The combined influence of 
number of terms and size of AOI is shown in Fig. 3.  
 
  
Figure 3: Effect of number of terms and size of the AOI (Rout) on the error in estimating the SIF. 
 
Fig. 3 shows that the error decreases to a minimum for each value of number of terms studied. The minimum error as a 
function of Rout observed is summarised in Tab. 2.  
 
Number of terms 1 2 3 4 5 6 
Rout (µm) 350 450 850 950 950 950 
 
Table 2: Combination of number of terms and outer radius, Rout, that give a minimum error in Fig. 3 
T
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Tab. 2 can be used as a reference to optimise the data array to be used depending on how many terms in Williams’ 
expansion are chosen to describe the crack-tip field. Tab. 2 indicates that if one term is used in Williams’ formultion, the 
data array should extend to around 350 µm and for six terms the array should extend to around 950 µm. Fig. 3 also shows 
that by using more terms in the series expansion, the error in estimating the SIF can be reduced to around 1%. 
The shape of the AOI was studied through the angle between the edge of the AOI and the crack plane, α (see Fig. 2). The 
angle α controls the number of data points that are collected from the region behind the crack tip (negative coordinates 
along the crack growing direction, Fig. 2). The amount of data collected in the crack wake has been previously identified 
as critically affecting the SIF estimation [27]. Fig. 4 shows the evolution of the error for different α angles. For each 
number of terms, the optimum outer radius was used, following the results of Tab. 2.  
When only 1 term is used the curve in Fig. 4 is very flat such that in our case a slightly better result is obtained for =80 
than 0°.  In view of this, the conclusion would be that results become more reliable for >2 terms and that the best SIF 
predictions (minimum error) are obtained when α = 0º when using 3 to 6 terms in Williams’ expansion. That is, the best 
results in terms of estimating the SIF are obtained by collecting data not only ahead of the crack tip but also from the 
crack wake region, in agreement with previous studies [27].  
 
  
Figure 4: Effect of α angle on the error for estimating the SIF. 
 
Plastic zone 
The mathematical model used to describe the crack-tip behaviour is based on Linear Elastic Fracture Mechanics. 
Accordingly, the tool can be used under small scale yielding (SSY) conditions. For other full-field techniques such as 
thermo-elasticity [3], photo-elasticity [1], digital image correlation [28] or electronic speckle patter interferometry [4], this is 
achieved by collecting data from outside the plastic zone. This effect is studied here by including and excluding the data 
from the plastic zone in the data used for estimating the SIF. The plastic zone was estimated according to Irwin model 
[25]: 
 
 
     
2
1 330
2pz y
Kr µm          (5) 
 
where K is the theoretically applied SIF and σy is the yield stress of the material. Fig. 5 shows the error obtained when the 
plastic zone is included or excluded. The best predictions are observed when the plastic zone data is used in the fitting. 
Fig. 5 also shows that there are large differences between including and excluding the plastic zone for 1 term. This 
difference decreases as the number of terms is increased. The worst prediction when the plastic zone is excluded is 
probably due to not having enough data for the over-deterministic system of equations. This effect is studied in more 
detail in the following section. 
 
Number of experimental data points 
The effect the number of experimental data points that are fitted into the analytical model is studied in this section. The 
number of data points is studied relative to the number of terms in the series (Eq. 2) through parameter φ: 
 
 P. Lopez-Crespo et alii, Frattura ed Integrità Strutturale, 41 (2017) 203-210; DOI: 10.3221/IGF-ESIS.41.28                                                           
 
208 
 
              
number of data points
number of terms in series
         (6) 
 
Fig. 6 shows the error for different levels of φ parameter. φ parameter represents the level of over-determination in the 
system of equations. Fig. 6 shows that increasing φ parameter produces better estimations of the SIF. The best 
estimations are observed for higher terms (5 and 6). For φ ≥40, the error is below 5%. For φ = 20 the error is smaller than 
10% for all number of terms studied. 
 
  
Figure 5: Effect of including or excluding the plastic zone in the collected data, i.e. setting Rint=0 or setting Rint=330µm. 
 
  
Figure 6: Effect of the level of over-determination (i.e. φ parameter, as defined in Eq. 6). 
 
 
CONCLUSIONS 
 
 novel approach for estimating the SIF inside the bulk of engineering materials is described. The approach is 
based on fitting experimental data on an analytical model following a multi-point over-deterministic scheme. The 
experimental data are collected from the bulk of the material through powerful synchrotron X-ray diffraction. 
The analytical model describing the elastic field around the crack-tip is based on Williams development. The methodology 
is applied to a CT specimen made of bainitic steel. A detailed analysis of key parameters affecting the efficacy of the SIF 
evaluation is presented. The current study suggests that: 
1. 3 or 4 terms in Williams’s expansion is often sufficient. 
2. Data points should be included from across the full range of angles in front and behind the crack tip. 
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3. A outer radius of at least the size of the plastic zone was needed. 
4. Little advantage was obtained by excluding the plastic zone. 
5. To get accurate results the number of data points/number of terms should be φ ≥40. 
Of course in our case the plastic zone is not especially well developed (i.e. it is still well within the LEFM regime) different 
conclusions may apply in the case of extensive plastic deformation local to the crack. 
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